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Abstract

An axiomatization of the concept of entropy of a discrete Choquet
capacity is given. It is based on three axioms: the symmetry property, a
boundary condition for which the entropy reduces to the classical Shannon
entropy, and a generalized version of the well-known recursivity property.
This entropy, recently introduced to extend the Shannon entropy to non-
additive measures, fulfills several properties considered as requisites for
defining an entropy-like measure of uncertainty. An interpretation of it in
the framework of aggregation by the discrete Choquet integral is given as
well.

Keywords: entropy, Choquet capacity, Choquet integral, information theory.

1 Introduction

In 1948, Shannon introduced a measure of uncertainty of a discrete stochastic
system known as entropy [19]. For a probability distribution p defined on a
finite set [n] = {1,...,n}, the Shannon entropy of p is defined by

n

Hg(p) :== = > _p(i)lnp(i)

=1

with the convention that 0In0 := 0.



Although several other measures of uncertainty have been proposed as gen-
eralizations of the Shannon entropy (see e.g. [17] for an overview), the most
widely used uncertainty remains that of Shannon mainly because of its attrac-
tive properties, its connections with the Kullback-Leibler divergence [12] and its
role in the mazimum entropy principle [9].

Several axiomatic characterizations of the Shannon entropy have been pro-
posed in the literature (see e.g. [1, 3, 4, 10, 11]), amongst which the most famous
is probably Shannon’s theorem [19].

By replacing the additivity property of probability measures by that of mono-
tonicity, one obtains Choquet capacities [2] also known as fuzzy measures [21]
which are able to model other types of possibly uncertain information. More
formally, a discrete Choquet capacity u on [n] is a monotone set function defined
on the power set of [n] that is zero at the empty set. Such a concept can be used
to model the importance of a coalition of elements of [n]. The label set [n] could
correspond to criteria in a multicriteria decision problem [5, 6, 15], to players
in a cooperative game [6, 8, 20], to attributes in a classification problem [7], to
variables in a regression problem, voters in an opinion pooling problem, etc. In
all these cases, for any subset S C [n], u(S) can be interpreted as the degree
of importance or the strength of the coalition S of elements for the particular
problem under consideration.

A discrete Choquet capacity being clearly a generalization of a discrete prob-
ability distribution, the following natural question arises : How could one ap-
praise the “uncertainty” associated with a Choquet capacity in the spirit of the
Shannon entropy? Recently, Marichal [13, 14, 16] proposed the notion of en-
tropy of a discrete Choquet capacity as a generalization of the Shannon entropy
and showed that it satisfies many properties that one would intuitively require
from such a measure. This generalized entropy is defined as

Hy(p) =3 > 7sn)hlu(SUi) - u(S)] (1)

i=1 SC[n]\i
where the functions
—s—1)ls!
%myzﬁli%—Li (s=0,1,...,n—1),
n!

and

—zxlnz, ifx >0,
h@y_{o, if 2 = 0,

will be used throughout.

Note that this formulation is very close to that of the Shapley value [20] of
a Choquet capacity p on [n], which is a fundamental concept in game theory.
For an element ¢ € [n], it is defined by

$i(p) = D 7s(n) [u(S Ui) = u(S)]

SC[n]\d

and can be interpreted as the average marginal contribution of 7 to a coalition
not containing it. It is worth noting that a basic property of the Shapley value



is
n

> i) = p([n))- (2)

i=1

In this paper, after defining the notion of uncertainty in the setting of discrete
Choquet capacities (Section 2), we propose a characterization of the generalized
entropy (1) by means of three axioms (Section 3). We also list some of its
properties (Section 4) and present an interpretation of it in the framework of
aggregation by the discrete Choquet integral (Section 5).

2 Uncertainty contained in a discrete Choquet
capacity

Although discrete Choquet capacities can be seen as generalizations of discrete
probability distributions, it is not clear what “uncertainty” should mean for such
non-additive measures. After introducing the notation, we propose an intuitive
definition of the notion of uncertainty based on the lattice representation of a
discrete Choquet capacity.

2.1 Notation and first definitions

Throughout this paper, [n] = {1,...,n} is a finite label set, the power set of
which is denoted P([n]).

A discrete Choquet capacity [2] or discrete fuzzy measure [21] on [n] is a set
function p : P([n]) — RT satisfying the following conditions :

L p(®) =0,
2. for all S, T C[n], S CT = u(S) < (D).

The Choquet capacity is said to be normalized if ;1([n]) = 1. In the sequel, we
restrict ourselves to the study of the notion of uncertainty only for normalized
Choquet capacities. For any integer n > 1, we denote by F[, the set of all
normalized Choquet capacity on [n].

In order to avoid a heavy notation, we adopt that used in [15]. Thus, we
will omit braces for singletons, e.g., by writing p(4), [n] \ ¢ instead of u({i}),
[n] \ {i}. Furthermore, cardinalities of subsets S, T, ..., will be denoted by the
corresponding lower case letters s,t,...

A Choquet capacity u € Fp, is said to be:

o additive if p(SUT) = pu(S) + p(T) for all disjoint subsets S, T C [n],

o cardinality-based if, for all T' C [n], u(T') depends only on the cardinal of
T. In this case, there exist p1,. ..,y € [0,1] such that p(T) = p, for all
TCN.



Figure 1: Hasse diagram 7y, corresponding to the lattice of subsets of [n] =
{1,2,3,4}.

There is only one Choquet capacity on [n] that is both additive and cardinality-
based. We shall call it the uniform Choquet capacity on [n] and denote it by p*.
It is easy to check that u* is given by

p (T)=t/n VT C [n].

2.2 Choquet capacities and maximal chains

Consider the lattice L, related to the power set of [n] under the inclusion
relation. The lattice L) can be represented by a graph Hj, called Hasse
Diagram whose nodes correspond to subsets S C [n] and whose edges represent
adding an element to the bottom subset to get the top subset. Figure 1 shows
an example of such a graph for [n] = {1,2,3,4}.

A mazimal chain m of H|,) is an ordered collection of n + 1 nested distinct
subsets denoted

m= 0 {in} & {inia} o G {in e sin} = [n)).

For instance, in Figure 1, the maximal chain (§ C {1} € {1,4} € {1,2,4} C
{1,2,3,4}) is emphasized.

We denote by Cp,) the set of maximal chains of H,j. The cardinality of C,
is clearly n!.

Given a Choquet capacity p on [n], with each maximal chain m € Cj,) can
be associated a discrete probability distribution p# on [n] defined by
P (i) = p(m;) — p(mi—1) Vi€ [n]
where m; denotes the subset of cardinal ¢ of m.

Denote by Ilj,; the set of permutations on [n]. With each permutation
7 € I}, is associated a unique maximal chain m™ € Cy,) defined by

m" =0 ¢ {r(n)} S {r(n = 1),7(n)} & - S {x(1),..., w(n)} = [n]).



We then write
P (i) := pro= (1) = p({7 (@), ..., 7(n)}) — p({7(i +1),...,7(n)}) Vi€ [n].

The set {ph}rem,, = {Ph}mec,, of n! probability distributions obtained
from p will be denoted P* as we continue.

Notice that, if p is cardinality-based, then there exists a unique probability
distribution p* on [n] such that p# = p* for all m € IIj,;. If p is additive then
we simply have p (i) = p(w(i)) for all i € [n].

2.3 Uncertainty associated with a discrete Choquet ca-
pacity

For a discrete probability distribution, the notion of uncertainty has an intu-
itive meaning which is directly linked with that of uniformity. Indeed, the
more “uniform” a discrete probability distribution, the higher the uncertainty
of the underlying discrete stochastic system (for a discussion on the notion of
uncertainty, see e.g. [17]).

Although discrete Choquet capacities can be clearly seen as generalizations
of discrete probability distributions, it is not clear what “uncertainty” should
mean for such non-additive measures. As we have seen in the previous subsec-
tion, a Choquet capacity on [n] can be represented by the set P* = {p}, }mec,,,
of n! probability distributions on [n]. We therefore propose to define the in-
tuitive notion of uncertainty associated with a discrete Choquet capacity as a
kind of average of the uncertainties contained in the probability distributions
{p‘,jl}mec[n]. Hence, the more uniform on average the probability distributions
Phs M € Cpy), the higher the uncertainty contained in the discrete Choquet ca-
pacity p. As no maximal chain should be privileged, the average uncertainty
should be defined by means of a symmetric function over all the n! maximal
chains m of Hg(pt,). It is worth mentioning that, in terms of maximal chains,
the entropy Hj; can be rewritten as

1

Hy () = ] Z Hs(p),) (3)
: mEC[n]
or equivalently,
1
H(p) = ol Z Hs(py)- (4)
© melly,

This result immediately follows from the next proposition.

Proposition 2.1 Let u be any Choquet capacity on [n] (normalized or not) and
let f be any function. Then, we have

1 n n

D 2 Mulmy) —ulmi)] = > () flu(S U i) — u(S)).

" meCy, j=1 i=1 SC[n]\i



Proof. For all i € [n], for all S C [n]\ ¢, let us denote by C[Sn’]SUi the subset of
C[n) composed of maximal chains whose subsets of cardinal s and s+1 are equal
to S and S U1 respectively. It is easy to check that |C[Sn’]SUi| =sln—s—1)\

It follows therefore that, for a given ¢ € [n] and for a subset S C [n]\ ¢, when

summing the term 7, flu(m;) — p(m;-1)] over the set of maximal chains,
the term f[u(S U7) — p(S)] will appear s!(n — s — 1)! times. O

If II},) is considered as a probability space, a straightforward probabilistic in-
terpretation of Hy, directly follows from Eq. (4): for any p € Fpnj, Har(p) is the
mathematical expectation of Hg(p#) with respect to the uniform distribution
on H[n].

3 Axiomatization of the entropy H),

Before stating the axioms that a measure of uncertainty or entropy of a discrete
Choquet capacity should satisfy, we define some additional concepts that will
be needed in the sequel.

3.1 Additional definitions

Let pn € F,) and let S and T' be two disjoint subsets of [n]. The Choquet capacity
on S in the presence of T [8] is denoted up and is defined by

por(K) = f(KUT) —u(T), VK CS.

Clearly, the Choquet capacity /J,ST is not normalized. The normalized ver-
sion of the Choquet capacity u’; is denoted ji%; and is defined by

S
nor(K) o K C i 1S (S) # 0,

137 (S)

el .

Aor (K) = 0 for all K C S if u5,(9) =0,
1 if K= and puS,(S) = 0.

Let 1 be a Choquet capacity on [n] and let Ay,..., A) form a partition of
[n]. The reduced Choquet capacity with respect to Ay,..., Ay [8] is a Choquet
capacity denoted pl41)-[4x] defined on a set of k elements noted as [A1]. .. [A],
where, for all i € [k], [A;] stands for an hypothetical element which is the union
(or the representative) of the elements in A;, that is,

Al (4] ( U[Ai]) — ,u( U Ai) VS C [k]. (5)
€S

=
For any Choquet capacity pu € FJ,) and any permutation m € II[,], we denote
by mu the Choquet capacity on [n] defined by
rul(r(S) = u(S) VS C [nl,
where 7(5) := {n(i) | i € S}.



3.2 Axioms

Consider a sequence of functions H (") : Finp — R (n=2,3,...), where, for any
€ Flp H(”)(,u) is a measure of entropy of . When n = 1 we simply set
HW () = 0.

Given p1 € Fyy), it is easy to check that a permutation on [n] leaves unchanged
the set P* of probability distributions. Hence, naturally, the first axiom is:

e Symmetry aziom (S): For any n > 2, any p € Fy,), and any 7 € Ilp,), we
have H™ (rp) = H™ ().

Recall from the previous section that, for a cardinality-based Choquet ca-
pacity p € Fly), there exits a probability distribution p* such that all elements
of the set P* are equal to p*. This suggests measuring the uncertainty of a
cardinality-based Choquet capacity p as that of the probability distribution p*.
The choice of the Shannon entropy being natural as a measure of uncertainty
contained in a probability distribution, our second axiom is:

e Shannon entropy axiom (SE): For any n > 2 and any u € Fp, if p is
cardinality-based, then H™ (1) = H{” (p").

Note that the previous axiom implies that among all the cardinality-based
capacities on [n], p* is the one that has maximum uncertainty.

The Shannon entropy is known to satisfy the so-called recursivity property
[1, 3, 4, 17, 18, 19], which basically states that the entropy of a discrete s-
tochastic system can be calculated either directly or by dividing the system into
subsystems®. Let p be a probability distribution on [n] and assume that there
exists a partition {A;, As} of [n] such that p(A;) # 0 and p(Az) # 0. Then, we
have

H{Y (p) = HS (p442)) 4 p(A) HEY (5M) + p(A0) HE (5%2),  (6)

where pl41ll42] is a probability distribution on the set {[A;],[A2]} defined by
pAlA([4;]) = p(A;), i = 1,2, and where 7 and $42 are the normalized
probability distributions on A; and A, respectively obtained from p, that is,

pi(j) = (j € Ay i=1,2).

As a generalization of the Shannon entropy, we require that our measure
of uncertainty H((u) satisfy a similar property that would thus reflect the

1Note that the recursivity property is important because it implies amongst other things
the additivity of the Shannon entropy, i.e.,

2
HY ) (pxq) = HEY (p) + HE" (a),
for all probability distributions p, ¢ on [n] where p * ¢ denotes the distribution

(P1q1;--- »P1Gns - -+ s P0qL, -+ - Pnn)-



Figure 2: Decomposition resulting from a partition of [n] = {1,2,3,4} into the
subsets {1} and {2, 3,4}.

possibility to decompose in an additive way the calculation of the uncertainty
of the discrete Choquet capacity p € Fj,,;. Under certain conditions and when
is cardinality-based, such a decomposition already exists if axiom SE is satisfied.
To demonstrate this, let us consider a cardinality-based Choquet capacity u €
Fin) and a partition of [n] into two subsets A; and As. The Choquet capacities
that appear from such a decomposition are:

e the reduced Choquet capacity pl411[42] on {[A;], [A5]}, which is not nec-
essarily cardinality-based,

e the Choquet capacities on A;: g and ﬂﬁhz, which are cardinality-based,

e and the Choquet capacities on As: i4? and ﬂﬁi‘l, which are cardinality-
based as well.

For instance, when [n] = {1,2,3,4}, Figure 2 shows the decomposition re-
sulting from considering 4; = {1} and A2 = {2, 3,4}.

Assume now that n is even so that the subsets A; and A can be chosen to
have the same cardinal n/2. Then, we have 4t = 42, ﬂﬁi‘z = ﬂﬁjl, and the
reduced Choquet capacity pl411l42] is cardinality-based. According to axiom SE

and Eq. (6), the following functional equation holds

H™ () = H® (phI4D) 4t (Ay) B (54) + w3, (A2) B (103,)- (7)

The following question then arises: How could we generalize the previous
functional equation to situations when the subsets A; and A, do not have the
same cardinal anymore? Indeed, for a general choice of n and of the subsets
A; and As, the Choquet capacities i and ﬂSAQ as well as the capacities i

and ﬂﬁih are not necessarily equal. Furthermore, the reduced Choquet capacity



plAllA2] s not cardinality-based anymore. As an extension of the previous case,
we then require that the following functional equation, which is a generalization
of (7) and is still in accordance with our intuitive additivity requirement, holds
for any cardinality-based Choquet capacity u € Fy

H(n)(u) - H(2)('u[A1][A2])

+at M (A HOD () + ag iy, (An) HEOD (5,
+a? p? (Ag) H (32) + of pdy, (Az) H) (3,

where a!, ad, o2, and o? are real numbers left undetermined thus far.

By generalizing the previous functional equation to any partition {A, ..., Ax}
of [n] into k subsets, we obtain our third axiom:

e Recursivity axiom (R): For any integers n > k > 2, there exists a family of
real coefficients {a%(n, k) | i € [k], S C [k]\i} such that, for any partition
{A1,..., A} of [n] and any cardinality-based capacity p € F,,

H(n)(#) - H(k)(M[AI]"'[Ak])

+Z Z als(n, k) plyi_ o4 (A HEO (55,0 (8)

3.3 Characterization

We can now state our main result.

Theorem 3.1 The sequence H™) : Fin) — R (n > 2) fulfills axioms S, SE, and
R, if and only if
HM =g (n>2).

The proof of this theorem is given in the appendix.

4 Properties of the entropy H),

In addition to axioms S, SE and R, the entropy H), fulfills several properties
considered as natural for an entropy-like measure. In this section we list some
of them (see [13, 16]).

1. Boundary property for additive measures. For any additive Cho-
quet capacity p € F,), we have

HY () = HSY (p)

where p is the probability distribution on [n] defined by p(i) = u(4) for all
i€ [n].



2. Expansibility. Let 4 € F},) and let i € [n] be a null element, that is such
that p(SUi) = u(S) for all S C [n]\ 4. Then

n n—1 n|\z
HP ) = Hyy D ()
where pl"\? is the restriction of u to [n] \ 4.

3. Decisivity. We have
HP () >0  Vue Fin)-

Moreover, H ](C}) (1) = 0if and only if p is a binary-valued Choquet capacity,
that is such that u(T) € {0,1} for all T C [n].

4. Maximality. For any u € Fp,,), we have

H{P () < HSY (6(1)) < lnn,

where ¢(p) = (p1(p),- .., Pn(p)) is the probability distribution (see E-
q. (2)) formed by the Shapley value of the elements of [n] with respect to
. Moreover,

o H{Y (1) = HI (¢()) if and only if p is additive,
° H(n (¢(p)) =Inn if and only if ¢p(u) = (1/n,...,1/n),
o Hy, (n) (]u) Inn if and only if p is the uniform Choquet capacity p*

n |

5. Increasing monotonicity. Let u € Fp, \ {¢*} and define py € Fp,) by
= p+ A" —p) VA€E[0,1].

Then for any 0 < A1 < Ay < 1 we have
HP (1)) < HY (,)-

(n)

We now state another very important property of H,,” which follows from

Eq. (3) and the strict concavity of Hén).

6. Strict concavity. For any p1, uo € Fp,) and any A € (0,1), we have

HP O 4 (1= A) ) > NHGP (1) + (1= A) HYP (12).

An immediate consequence of the previous property is that maximizing HJ(\Z)
over a convex subset of Fj,,; always leads to a unique global maximum.
For probability distributions, the strict concavity of the Shannon entropy and
its naturalness as a measure of uncertainty gave rise to the mazimum entropy
principle, which was stated in 1957 by Jaynes [9] as follows: When one has
only partial information about the possible outcomes of a random variable, one
should choose its probability distribution so as to maximize the uncertainty
about the missing information. In other words, all the available information

10



should be used, but one should be as uncommitted as possible about missing
information. In more mathematical terms, this principle states that among al-
1 the probability distributions that are in accordance with the available prior
knowledge (i.e. a set of constraints), one should choose the one that has maxi-
mum uncertainty.

The strict concavity of H](\:;) suggests to extend such an inference principle to
Choquet capacities. The main difference comes from the fact that the interpre-
tation of the maximum entropy principle for Choquet capacities is less natural
than for probability distributions because the notion of uncertainty associated
with a discrete Choquet capacity (cf. subsection 2.3) is less intuitive than that
associated with a probability distribution.

5 Entropy in the aggregation framework

Suppose that [n] represents a set of n criteria in a multicriteria decision making
problem and consider a Choquet capacity p € Fp,). For any S C [n], u(S) can
be interpreted as the weight or the degree of importance of the coalition S of
criteria. Hence, in addition to the usual weights on criteria taken separately,
weights on any coalition of criteria are also defined, thus allowing to model
interaction phenomena among them (see e.g [5, 15]). Monotonicity of y then
means that adding a new element to a coalition cannot decrease its importance.
Obviously p([n]) has the maximal value, being one by convention.

Now, suppose that x1,...,x, € [0,1] represent quantitative evaluations of
an object with respect to criteria 1,... , n, respectively. We further assume that
these evaluations are commensurable, i.e., defined on the same measurement
scale. A global evaluation for this object can then be calculated by means of the
discrete Choquet integral with respect to u, which is an appropriate extension of
the classical weighted arithmetic mean for the aggregation of interacting criteria.

Formally the Choquet integral of z € [0,1]" with respect to a Choquet
capacity p € Fiy) is defined by

Cu(z) := Zx@) [n({@),- - (n)}) = p({E+ 1), (M }],

where () is a permutation on [n] such that z(;) < --- < x(,). For more details,
see e.g. [15] and the references therein.

For instance, if z3 < 1 < x5, we have

C,u(xla T2,T3) = T3 [N({Bv L 2}) - N({lv 2})]
+o1 [p({1,2}) — p({2})]
+x2 p({2}).

Whether a partial evaluation z; will have some influence on the calculation
of C,(x) obviously depends upon its corresponding coefficient and hence upon
the Choquet capacity u.

It would be interesting to appraise the degree to which the argument x €
[0,1]™ is really used when calculating C,(x). In this final section we shall show

11



that the function H](\;)(,u) measures an average value over all 2 € [0,1]™ of this
degree of utilization.

To demonstrate this, let us first consider the case when p is additive, that
is, when no interaction among criteria is allowed. The Choquet integral then
reduces to the weighted arithmetic mean

Cule) = Yo weu(i) = ).

where p is the probability distribution defined by p(i) := u(i) for all i € [n].
In this case, the function Hé") (p) behaves like a dispersion index [13], which

measures the evenness (uniformity) of the weights p(i). For example,

o if H é") (p) is close to Inn, then the weights are distributed among all
criteria almost evenly,

o if H é") (p) is close to zero, then the total weight is focused almost on only
one criterion.

In other terms, H én) (p) measures the extent to which the information about the
individual criteria is being used in the aggregation, or equivalently, the extent
to which the argument « is being used in the calculation of the aggregated value
C,(z). In that sense, the more uniform the probability distribution p the more
the argument x is being used in the aggregation process.

Consider now a general (non-additive) Choquet capacity p € Fp,) and define
the sets
Op = {I c [O, 1}” | Tr(1) <. ... < Q}ﬂ,(n)} (7T c H[n])

which cover the hypercube [0, 1]™.

Let = € [0,1]" be fixed. Then there exists m € IIf,; such that z € O, and
hence

Cu(x) =D Ty PE(D).
i=1

The permutation 7 corresponds to the maximal chain m™ along which the Cho-
quet integral boils down to a weighted arithmetic mean whose weights are de-
fined by the probability distribution p#. In that case, H é”) (pt) measures the
uniformity of the distribution p#, that is, the regularity of the increasingness
of p along the chain m™. Equivalently, it measures the degree of utilization? of
argument x in the calculation of the aggregated value C,,(z).

Starting from Eq. (4) and using the fact that

1
/ dr = —
z€O n!

ks

2Should Hén)(p’,ﬁ) be close to Inmn, the distribution p% will be approximately uniform and
all the partial evaluations z; (i € [n]) will be involved almost equally in the calculation
of Cu(x), which will be close to the arithmetic mean of the z;’s. On the contrary, should

Hgn)(pﬁ) be close to zero, one pk (i) will be very close to one and C,(z) will be very close to
the corresponding partial evaluation.

12



the entropy H](\;)(,u) can be rewritten as

H =% / H(n) “) da.

€l

We thus see that HJ(\;) () measures the average value over all z € [0,1]" of
the degree of utilization of argument x in the calculation of C,(z). From E-
q. (3), it can also be interpreted as a measure of the average regularity of the
increasingness of y over all maximal chains m € C).

In probabilistic terms, it corresponds to the expectation over all z € [0, 1],
with uniform distribution, of the degree of utilization of argument x in the
calculation of C,,(x), or equivalently, to the expectation over all maximal chains
m € Cpp), with uniform distribution, of the regularity of the increasingness of y.

It should also be mentioned that the interpretation of H](\;)(,u) as an average
degree of utilization of the argument is in full accordance with the properties
listed in Section 4 (see [13, 16]). For example, the decisivity property, which
states that Hj(\:})(u) = 0 if and only if p is a binary-valued Choquet capacity, is
quite relevant for our aggregation framework. Indeed, it can be shown that this
latter condition holds if and only if

C#(l’) € {xla'-- axn} (I € [07 1]n)

In other terms, H 1(\111) (p) is minimum (= 0) if and only if only one partial evalu-
ation is really used in the calculation of C,(x).

To conclude this section, we give an interpretation of the maximum entropy

principle stated in the previous section in the framework of aggregation by the
Choquet integral.
Assume that we are given a set of linear constraints on the behavior of a Choquet
integral C},, that is, linear constraints on the corresponding Choquet capacity
i. Then, among all the feasible (admissible) Choquet integrals, choosing the
Choquet integral with respect to the maximum entropy Choquet capacity is
equivalent to choosing the Choquet integral that will have the highest average
degree of utilization of its argument during the aggregation phase. In other
words, we could say the Choquet integral with respect to the maximum entropy
Choquet capacity is the one that will exploit the most on average the information
contained in its argument.

6 Concluding remarks

We have proposed an axiomatic characterization of the concept of entropy of
a discrete Choquet capacity, recently introduced on intuitive grounds in the
framework of aggregation by the Choquet integral.

Depending upon the context in which this entropy is used, it can be inter-
preted as a quantification of the uncertainty contained in a Choquet capacity,
as a measure of the average regularity of a Choquet capacity along all maximal
chains, or as the average degree of utilization of an argument in the framework
of aggregation by the Choquet integral.

13



We hope that this characterization will enable us to justify the use of this
concept in different contexts, such as decision making and game theory.
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A  Proof of Theorem 3.1

In order to prove Theorem 3.1, we shall go through three technical lemmas.
Moreover, for any cardinality-based Choquet capacity u € F,), we shall use the
notation p := pu(T) for all T C [n].

Lemma A.1 If the sequence H™) : Fin) — R (n > 2) fulfills aviom SE then, for
any integers n > k > 2, any partition {A1,... , Ax} of [n], and any cardinality-
based Choquet capacity p € Fn), we have, for all i € [k] and all S C [k]\ 4,

A; a;) (74
Pujes A, (4i) H )(MUjesAj)

= Z h[ﬂzjes aj+t MZjES aj+t71] - h[’uzjes ajta; MZ]‘ES aj] (9)
t=1

Proof. Since p is cardinality-based, there exist p1,...,pu, € [0,1] such that
w(T) = py for any T C N. Moreover, it is easy to check that the Choquet
capacities [LU;ES A, are cardinality-based. From axiom SE, for all i € [k], for all
S C [K] \ i, we then have

pd o (A H) (5l )

/142 jeg @ittt T NZ jes ajtt—1
:(/J’ : ita; T MY ) h[ = J
Yjesaita Zjes 4 ; Py jesajtai = P jcsa;

)

a;
= Zh['uz:jes a;+t 'ques aj+t—1]
t=1

a;

+ ln(ﬂzjes ajta; — szes a]) Z(szesajth - szes a]+t71)7
t=1

which completes the proof. O

Lemma A.2 If the sequence H™ : Fin) — R (n > 2) fulfills axioms S, SE,
and R, then, for any integers k > 2 and n = k(2 — 1), there exists a family of
constants ag(n, k), ...,ax—1(n, k) such that

as(n, k) = as(n, k) for alli € [k], for all S C [k] \ i.

14



Proof. Let k > 2 be an integer and set n := k(2¥ —1). Let u € F}, be
cardinality-based and let {A;,..., A;} be a partition of [n].

Let m € Ilj). It is easy to check that
H(k)(u[Al]-n[Ak]) — g (M[A'rr(l)]"'[A'rr(k)]). (10)

Indeed, defining u,v € F) by

$)i=n(UAww), VS €K,

€S
S) = u( U Ai), VS € [K],
1€S

we clearly see that v(w(S)) = u(S) for all S C [k] and hence v = 7u. By the
definition (5) and axiom S, we then have

H®) (plAd- 1Ay = g () = R (y) = HE) (plA=@l-[Axw]),

(From axiom R, we know that the functional equation (8) must hold for all

partitions of [n] into k subsets. Writing it for {A1,..., Ax} and for {A 1y, ..., Az}

and making use of (10), we have

Z Z O[S n, k IU’U jesAj (A )H(a )('ngeSA )
i=1 SCI[k]\7

k
Z OélS k) Nu;re(zs)Aw(y) (Aﬂ(i)) H(GW(“)('LLU;FE(ZAW(J))
i=1 SC[k]\i

Rewriting the right-hand side of the previous equation, we obtain

k _ N
S (aktn k) — ol k) ) i a (A) HO (54 )) =0,
i=1 SC[k]\i

that is, by Lemma A.1,

S Y (abnd) -l )

i=1 SClR\i
X [Zh[ﬂzjes aj—i-t - 'LLZ]'GS aj—i-t—l} - h’[lu’zjes ajta; - ’LLZjES aj]:| = 07
t=1

which must hold for all cardinality-based Choquet capacities u € Fp,,; and for
all partitions {41,..., Ag}.

By choosing u and {A;1,..., Ax} in an appropriate way, we will now show
that

oly(n.k) = o7, (n.k),  Vr € My, Vi€ K], VS C [k]\ 4,

15



which will complete the proof of the lemma.

Consider a partition { By, ..., By} of [n] such that, for all i € [k], b; = k211
This is possible since we have chosen n = k(28 —1) = Zle k21, Such a choice

ensures that the partial sums ), ¢ b; (S C [k]) are all different.

Let us fix i € [k], S* C [k] \ ©*, o0 € I such that o(i*) = k, and choose
the partition {Ay,..., Ay} such that A; = B, for all 7 € [k]. Finally, define
p € Fin) by

0, ift< ) a

JjES*

W)= Y2 Y ey <t< Y ajta

JjES* JES*

L ift> > a;+ap
JjES*

with a;- = by = k2F~1 > 4.
Then, we can show that

a;

Z h[ﬂzjes aj+t — HY s a.7’+t—1] - h[p“zg'es ajtai MY s aj]

t=1

In2, ifi=4¢* and S = 5%,
0, otherwise.

Indeed, by definition of pu, the left-hand side of the previous identity will be
strictly positive (with value In 2) if and only if two elements in the sequence

i a;
A = (szesaj-&-t THY s aj+t—1)t:1

are 1/2.

The choice of the cardinality-based capacity p ensures that only the first
and the last elements of the sequence A%, are equal to 1 /2.

The choice of the partition {A1,..., A} ensures that there exists no pair
(,8) # (i*,5*) such that Ag* is a subsequence of A%L; indeed, a;+ > a; for all
i € [k] \7* and the partial sums ) . g a; (S C [k]) are all different.

The proof is now complete. (I

Lemma A.3 If the sequence H™) : Finp — R (n > 2) fulfills azioms S, SE,
and R, then, for any integers k > 2 and n = k(2¥ — 1), we have

as(n, k) =~s(k) for alls=0,...,k— 1.

Proof. Let k& > 2 be an integer and set n := k(2F¥ —1). Let u € Fin) be
cardinality-based and let {A;,..., A} be a partition of [n] such that a; =
c=ay =a, witha=2F-1>1.

16



From axiom SE, we have that
H™ (n) = HE (0) = 3 hlus = pical,

which can be rewritten as

a

k
(n) Z hlpgi-1)a+e = Hi—1)a+t—1]-

=1 t=1

Using the fact that, for any ¢ € [k], the coefficients {vs(k) | S C [k]\ i}, form
a probability distribution, we obtain

H™ (1 Z Z Vs ( )Zh[ﬂsa+t—ﬂsa+t—1]~ (11)

i=1 SC[k]\i t=1

The subsets A; having the same cardinal, it is easy to check that pl41-[4x]

is a cardinality-based Choquet capacity on {[41],...,[Ax]}. According to axiom
SE, H®) (pl41]-[Ax]) can be written as

k k
[Aq]. . [Ag] .
H®) (plAl-1Ad) == ()] = hlia = fiii—1)als

i=1 i=1

which, using again the fact that, for any ¢ € [k], the coefficients {y(k) | S C
[k] \ i}, form a probability distribution, is equivalent to

H(k)( [Ad].. [Ak Z Z ¥s (k) Rltt(s41)a — Hsal- (12)

i=1 SC[k]\i

Using Lemma A.l in the case where the numbers a; are all equal, for all
i € [k], for all S C [k] \ 4, we obtain

— Z h[ﬂsa+t - /J/sathfl] - h[lu/(s+1)a - Msa] (13)
t=1

i, (Ad) H ()

JES J

Substituting in the functional equation (8) of axiom R the terms
H™ (), H® (A1) and pfi ) (A) B (di_ )

by their expressions given in Eq. (11), (12), and (13), we obtain, using Lem-
ma A.2,

k) —as(n, k)
i=1 SC[k]\i

a

X [Z h[,usa+t - ,Ufsa—&-t—l] - h[ﬂ(s+1)a - ,usa] =0

t=1

17



that is,

E

S

> (1) e - anto

Il
o

S

X [Z h[ﬂsath - /J/sathfl] - h[lul(erl)a - Msa] =0 (14)

t=1

which must hold for all cardinality-based Choquet capacities u € F,). By
choosing p in an appropriate way, we will now show that

as(n, k) =vs(k) forall s =0,...,k—1,

which will complete the proof of the lemma.

Let us fix s* € {0,... ,k — 1}, and define . € F,) by

0 if t <s*a
t—s*a
w(T) = if s*a <t < (s*+1)a
a
1 ift>(s*+1)a

Using axiom SE, we can easily show that Eq. (14) becomes

<k:1)wﬁm_ayM$»ma—Q

S

where a > 1, which is sufficient. (Il
We now prove Theorem 3.1.

Proof. (Necessity) Let k£ > 2 be an integer and let v € F;. Let us show first
that there exist an integer n > k, multiple of k, a partition {A1,..., Ax} of [n],
and a cardinality-based Choquet capacity p € Fj,) such that v = plAl - [Ak]
that is,

v(S) = M[Al]_..[Ak}( U[Ai]) = U5 oa VS C [k].

i€S

To prove this it suffices to consider sets A, ..., A such that a; = k2°!
(i € [k]). In that case, the partial sums ), g a; (S C [k]) are all different and
hence we can always define a cardinality-based Choquet capacity p € F,, with
n = k(2 — 1), such that

py oo =¥(S) VS C M.

Consider now a set function v : P([k]) — R defined by

® 0, if R =0,
v = o
SO bl — ), i R A0,

It is easy to check that v is a Choquet capacity on [k].

18



We then have

Z h[/‘t+2jesaj - /~Lt—1+zjesaj]

t=1
aiJrzjes a;
= Z hlpe = pe—1] = v(S U D) — v(5).
til—‘rzjes a;
and hence
Z ’Ys(k) Zh’[iu’t-‘rzjesaj _'LLt_lJ'_ZjESaj]
i=1 SClk]\i t=1

Z s (k) [(S U ) — v(S5)]

]
k
1 SCl

v([k]) (cf. Eq. (2))

= hlpe — ]

t=1

Clk

?

= HJ" (p").

Finally, by axiom SE, we obtain

k a;
Z Z ’Ys(k') Zh[/’bt‘i’zjgsaj - /}Lt71+zj€s aj] = H(n)(ﬂ) (15)

i=1 SC[k]\s t=1
Therefore, combining (9) and (15), we have

A;
Z Z 7s(k 'uUjesAj (Ai >H( )(NUJES‘A )

i=1 SC[k]\i

k
—HO () =3 S k) h(S U D)~ u(S)].

i=1 SC[k]\i

Finally, using Lemmas A.2 and A.3, the functional equation stated in axiom
R becomes

HE) (gl A]-144]) Z Z (k) hlP(S Vi) ()]

i=1 SClk

that is,
H® () =HP (1)

(Sufficiency) We know that the sequence (H](\Z))nzg fulfills axioms S and SE.
Let us show that it fulfills axiom R.
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Let n > k > 2 be integers. Let u € .7-'["] be cardinality-based and let
{44,..., A} be a partition of [n]. By Lemma A.1, we have

Ay (ai) (= A;
Hyjcs A, (A;) Hyy (.uujesAj)

= Zh[’uzjes aj+t NZ]'GS aj-i-t—l] - h[uzjes ajta; MZ]‘ES llj]
t=1

and hence (cf. (15))

Z Z s (K ’uf};esAJ‘ (4:) H(al)(‘uUmSA )

i=1 SC[k]\i
k

(”)
=Hy Z /‘Zjesajﬂu_ﬂzjesaj]
i=1

= H{7 () - Hﬁf)(u[ ﬂ'“[Akb.

We have therefore shown that the sequence (H J(\;))nzg fulfills also axiom R which

completes the proof. O
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